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The sensitivities 8 1Q1/8R, and 3IPI/3R, can be derived
from the mathematical models of the building elements of the
given structure. Linearity of the building elements is not
necessary.

If the building elements are linear, Eqs. (6) and (7) may be
reduced to

ISt=18l" (12)
IRl=IKI* 13)

Equations (10) and (11) are simplified to
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These equations still are valuable if the given structure is
statically or kinematically indeterminate.

Similar simple formulas can be derived for the calculation
of sensitivities of stiffness and flexibility matrices of linear
structures. They can be applied for the sensitivity analysis of
natural frequencies and mode shapes. In these cases, only one
analysis is sufficient to calculate all sensitivities. °

IV. Conclusions

The theory of ‘adjoint structures gives us a general, but still
simple, method for the sensitivity analysis of mechanical
structures. After one analysis of the given and one analysis of
the adjoint structure, it is possible to calculate all sensitivities
easily. As shown in this paper, the analogy between electrical
networks and mechanical structures allows a fruitful exchange
of methods and techniques between both fields of computer-
aided design. Even a common and general approach can be
developed.®
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Transient Temperature Distortion in a
Slab Due to Thermocouple Cavity

Ching Jen Chen* and Truong Minh Danhf
The University of Iowa, Iowa City, Iowa

Introduction

N heat transfer studies, many experimental diffi-

culties may arise if heat flux sensors or thermocouples are
installed directly on the surface of a body. A piston sliding in
a cylinder, a projectile moving in a barrel, and the melting or
ablation of a heat shield are some examples. In these cases,
the transient surface temperature and heat flux may be deter-
mined by inverting the temperature measured by a probe
located under the surface of the solid material. This inversion
problem has been studied theoretically by Chen and Thom-
sen,! Imber,? Sparrow et al., * Stolz,* Beck,? and Frank® for
various geometry and boundary conditions. Most of these
analyses assumed a one-dimensional model, but in reality the
temperature field is distorted to become two or three dimen-
sional when a cavity is drilled to accommodate the ther-
mocouple leads. The degree of distortion may be influenced
by the dissimilar properties of the thermocouple and the
surrounding material, and by the diameter and depth of the
cavity.

Chen and Thomsen' showed that the error, particular in
the transient case, will be amplified when the measured data
are inverted for a prediction of surface heat flux. Therefore,
in the present study, an experiment was performed in the
transient period of heat conduction for a slab subjected to a
constant heat flux at one surface and insulated on the other
surface. The deviation of temperature response resulting from
the presence of a cavity is given as a function of the diameter
and depth of the cavity, so that a proper correction to the one-
dimensional model can be made. The Fourier number, or
dimensionless time r=af/L?, where ¢ is the dimensional time,
varied from 0 to 0.5. Alumel-chromel thermocouples with a
diameter of d’ =0.0203 cm were embedded in the slab. They
were used throughout the experiment to determine how a
geometric disturbance causes the measured transient tem-
perature to deviate from that of an undisturbed, one-
dimensional response.

Experiment

The experiment is set up as shown in Fig. 1. An electrical
oven heated to 852°C and having a 24 x 19 ¢cm opening was
used as the heating source. The door was designed so that it
could slide quickly, within 0.3 sec., up the test piece into the
test position. Three test pieces with thicknesses of L=1.27,
1.91, and 2.54 cm were made of hot-rolled steel (AISISAE
1020) with thermal conductivity, K=0.519 w/cm°C, and
thermal diffusivity of «=0.08 cm?/sec.” Each test piece was
coated with carbon black on the surface facing the oven and
framed with a strip of asbestos around the edge and outer sur-
faces to prevent heat loss during the experiment. Each test
piece also had four cavities within the dimensionless distances
from the heated surface, S/L, being 0.2, 0.4, 0.6, and 0.8.
The drill point half-angle of the drill bit used to form the
cavities was 54°. At least 10 cm distance was kept between
cavities. For this distance, the lateral distortions of tem-
perature caused by the cavities did not appear to interfere with
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each other in the short period of the test, which was normally
only 2 to 3 min.

The experiment was first conducted for the small cavity
diameter of d=0.159 cm. Then the experiment was repeated
for cavity diameters of 0.317, 0.635, and 1.27 cm. The
welding of thermocouples into the center of the cavities was
accomplished with a spark that was generated when a
capacitor of 1000 uF capacitance was discharged at a voltage
between 30 and 100v.

The heat flux in the experiment was calculated by matching
the temperature response, 7, measured at the outer surface of
the test piece between dimensionless times 7=0.1 and 0.5,
with the constant heat flux solution which is given by Carlslaw
and Jaeger.® Since there is not a cavity in this instance, distor:
tion of the temperature field due to a cavity does not exist.
However, the thermocouple bead at the outer surface may in-
duce a slight error, for it creates an extra heat sink. With our
thermocouple, the maximum error based on the Burnett®’
analysis was less than 3%. The heat flux g,, calibrated with
the oven temperature at 852°C, ranged from 5.204 to 5.519
w/cm? depending on the surface preparation for the test
piece. It should be remarked that while the oven temperature
was at 852°C, the surface temperature of the test piece never
exceeded 232°C. In this temperature range the thermal con-
ductivity varies less than 3% 7 and was assumed to be constant
in all calculations. ‘

Results and Discussion

The dimensionless temperature responses 6 measured in the
cavities are shown in Fig. 2. They are all above the theoretical
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one-dimensional values calculated from Ref. 8. The data for
the 0.317 and 0.635 cm hole diameters (not shown) are be-
tween the data lines for the 0.159 and 1.27 cm hole diameters.
It is seen that the larger the diameter of a cavity, the larger the
deviation is between the theory and data. For example, the
1.27 ¢cm hole diameter at the location S/L =0.8 produces a

~maximum error of 10% versus 5.6% for the 0.159 c¢cm

diameter hole. This indicates that the combination of air in
the cavity and the chromel-alumel thermocouple creates an in-
sulation effect to the heat flux at the base of the hole. The
larger the cavity is, the larger the insulation effect, which
hence causes a larger error. .

For a dimensionless time of 7=0.3, the maximum error in
the temperature response for different cavity depths in each
test piece is shown in Fig. 3 as a function of the ratio of the
diameter of the thermocouple wire d’ to the diameter of the
cavity d. At the location S/L =0.2, the maximum errors of the
temperature distortion over the theoretical curve for the 1.27
and 2.54 cm test pieces are 6% and 8% for the thermocouple-
hole diameter ratio of d’/d=0.128 and about 13.9% and
17.9% for the ratio of d’/d=0.016. Furthermore, the
maximum errors at the location S/L =0.8, for the 1.27 and
2.54 cm test pieces, are, respectively, 4.9% and 8% with a
thermocouple-hole diameter ratio of d’/d=0.128 and 9.8%
and 17.7% with a hole diameter ratio of d’/d=0.16. From
these results it can be seen that the distortion of temperature
response is much more sensitive to the hole diameter than the
depth of the hole for thermocouples embedded between an
S/L of 0.2 to 0.8. At a given location, the ratio of
d’ /d=0.016 will produce twice the temperature measurement
error as theratiod’ /d=0.128.

As the dimensionless time duration of measurement is in-
creased to 7=0.5, Fig. 4 shows that the error for all locations
and all hole diameters seems to remain the same. For exam-
ple, it is seen in Fig. 4 that with the 1.27 cm test piece, a 6.2%
error in the temperature response was recorded at S/L=0.2
with the ratio d’ /d =0.128 versus 14.7% at the same location
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with the ratio d’d=0.016. However, for the 2.54 cm test
piece, the error is amplified slightly. This may be because a
longer duration of time (25 sec) was required in the ex-
periment, and additional error might result from any dif-
ficulty involved in maintaining a constant heat flux. The
measurement of temperature response within a 7=0.1 interval
is difficult, since the range of temperature response in general
is small and the accuracy of the recording device is about 0.01
mv which means an error in measured temperature of 0.3°F.
In addition, since it required 0.3 sec to place the test piece into
position, the data below r=0.1 will not be accurate enough
for estimation of the temperature distortion. However, the
data presented in Figs. 3 and 4, which are for 7=0.3 and 0.5,
can be used as a guide to correct the measured response of the
thermocouple before it is used in the inversion, based on a
one-dimensional theoretical model'® for prediction of tran-
sient surface temperature and heat flux. Measurements at a
time 7> 0.5 were essentially the same as those of steady-state
heat conduction. Therefore, the correction of error arising
from cavity disturbance on a one-dimensional model may be
taken to be the same as that at 7=0.5. The previously men-
tioned error measurements are qualitatively verified by Chen
and Li’s analysis, '° in which the upper-and lower bounds of
possible errors are numerically simulated.
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A Numerical Approach to Ionized
Nonequilibrium Boundary Layers

Hiroki Honma* and Hiroaki Komurot¥
Chiba University, Chiba, Japan

Introduction
ONEQUILIBRIUM ionized flows are charac-
terized by existence of electron thermal regions in which
the electron temperature deviates from both ion and atom
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temperature. In a nonequilibrium ionized boundary-layer
flow, the electron thermal layer along a wall surface often
becomes much thicker than the viscous boundary layer
because of high electron thermal conductivity. For the boun-
dary layer with this type of two-layer structure, the con-
ventional numerical approach leads to serious difficulty in the
computational scheme. The present Note shows that it can be
overcome by introducing such a transformation of in-
dependent variables that the semi-infinite flow region is
projected onto a confined region.

We consider a nonequilibrium ionized boundary layer which
is induced by a shock wave along the side of a shock tube. The
analysis is made for a steady, two-dimensional flow of a
nonequilibrium argon plasma behind a shock front, based on
the assumptions of quasi-charge-neutrality, zero net current,
same temperatures for atoms and ions, no external field, and
no radiative effect. Applying these assumptions to three-fluid
conservation equations' for atoms, singly charged ions and
clectrons, we obtain a system of simultancous equations for
the following variables?: the overall density p, the mean
macroscopic velocity components # and v, the total enthalpy
H, the atom temperature T, the electron temperature 7, and
the degree of ionization «. After normalizing the variables,
the conservation equations of momentum, total energy,
charged species, and electron energy are numerically solved by
a finite-difference scheme, which is based on the method of
quasilinearization.?

Basic Equations
We conveniently choose the coordinate system fixed with
respect to the shock front. The x-axis is taken along the wall
and the y-axis along the shock front. In this coordinate
system, the boundary layer is steady so long as the shock
speed is assumed to be constant.
We define the dimensionless coordinate (¢, 1) as

X U,

£= » =
Upte” 7 (20U, (o) ox) 172

where U, is the shock speed and (pp), the product of the den-
sity and the viscosity of the gas ahead of the shock wave. In
the following, the subscript 0 denotes the gas properties ahead
of the shock wave. The time ¢, may be chosen arbitrarily, and
utilized as a time-scaling parameter in the numerical scheme.

The stream function ¥ is transformed to a dimensionless
function fas

V= 12Uo (ow)ox} “2f.  f,=u/U, @

The dimensionless variables F; (j=1,2,3,4) are defined as

U, H p T,
F;= -1, Fo=—-1F;= ,Fy=
et R e P

3

where the superscript * denotes the flow properties in the in-
viscid, external free stream behind the shock front. The ex-
ternal flow properties can be obtained by solving a system of
the equations for one-dimensional, inviscid flow of a
nonequilibrium ionized gas.* With these variables, the con-
servation equations of momentum, energy, charged species,
and electron energy can be written in familiar forms as

ajlo; (Fy) by +f(F) =280 f,, (F}) ¢ —fe (F}) |1+ d),
(=1,2,3,4) )
where
a;=da, =a3=1,

a,=5/(3a)

by =pu/ (pp) 0sb2=b,/Pr,by=b,Le,b,=by\,/\



